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Numerical modeling of the constriction of the dc positive column in rare gases
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~Received 7 January 1998; revised manuscript received 16 June 1998!

The constriction of the positive column of a dc glow discharge in argon at high pressures is analyzed using
the continuity equations for the charged particles and the gas thermal balance equation coupled with the local
electron Boltzmann equation and a detailed collisional-radiative model for the atomic and ionic species.
Contrary to the other existing models of the constriction in inert gas, the present model is self-consistent and
fully detailed, and provides a quantitative description of all the discharge properties. The numerical techniques
used to solve the boundary value problem corresponding to our set of equations are discussed in detail. The
transition from the diffuse to the constricted state and the properties of this latter state are investigated. The
model predicts the existence of multimodal solutions for the discharge parameters as a function of the dis-
charge specific power, within a limited range of values of the latter above a critical value, which explains the
observed abrupt changes in the discharge parameters and the hysteresis associated with constriction. The radial
distributions of the gas temperature and of the densities of all neutral and charged species considered are
determined along with various other discharge characteristics, such as the steady-state discharge maintenance
electric field, as a function of the discharge operating parameters. The results for argon show satisfactory
agreement with data from experiments. A few model simulations are further presented that enable one to gain
physical insight on the relevant kinetic processes of constriction in argon. Such simulations are instrumental to
understanding also the mechanisms of constriction in the other inert gases.@S1063-651X~99!11703-3#

PACS number~s!: 52.80.2s, 51.50.1v, 52.20.Fs, 52.20.Hv
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I. INTRODUCTION

At intermediate gas pressures typically below 10 Torr
positive column of a glow discharge is usually diffuse, fillin
the whole cross section of the discharge tube. The ra
distribution of the electron and ion densities can be descri
as a first approximation by the Shottky diffusion theo
eventually with corrections accounting for stepwise ioniz
tion effects. Accurate calculations show that this distribut
is usually close to theJ0-Bessel function. At higher pres
sures, however, the discharge is likely to contract around
tube axis, forming a bright narrow filament. This we
defined constricted discharge mode, which exists at press
from a few Torr to about 1 atm, can neither be classified a
thermal arc nor as a classical ‘‘cold’’ discharge; thus it fa
into an intermediate category.

There have been many theoretical@1–13# and experimen-
tal @1–3,13–15# investigations of constricted discharges
inert gases that have shown that the constriction arises a
a certain critical pressure. However, the onset of this c
striction depends also on the tube radiusR and the discharge
current I. In particular, the experiments have revealed t
the critical valuepR for Ar is approximately 20 Torr cm@13#.
Below the critical pressure the discharge exists in a diff
state, filling the whole tube cross section. Above the criti
pressure it may exist either in a diffuse or a contracted st
depending on whether the current is below or above a crit
value, respectively. Therefore, the constriction occurs if b
the discharge current and the pressure exceed their cr
values. The transition from the diffuse to the constrict
mode occurs abruptly and is accompanied by a sudden
crease of the electron density at the discharge axis by m
than an order of magnitude. At the transition, all the inter
PRE 591063-651X/99/59~3!/3571~12!/$15.00
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plasma parameters change discontinuously and show hy
esis, that is, the transition from the diffuse to the contrac
state ~with increasing current! and the reverse transitio
~with decreasing current! occur at different values of the dis
charge parameters@10,14#.

Discharge constriction in inert gases has also been
served in microwave discharges, such as, for example,
face wave discharges at high pressures@16,17#. It can be
expected that the basic mechanisms causing constriction
essentially the same in the ordinary dc positive column a
the microwave discharge, but a common theory for b
cases is still lacking at present. Although this paper is mai
concerned with dc discharges, it will be shown that t
present formulation can be extended to microwave d
charges also.

The constriction phenomenon occurs not only in in
gases. It takes place in molecular and in electronega
gases too@18–21#, but the numerical models required fo
such gases are somewhat different from those for inert g
due to the presence of molecules and/or negative io
Therefore, we will not be concerned with molecular or ele
tronegative gases here.

Several theories based on somewhat crude analytical
proaches have formerly been developed to explain the ca
of constriction in inert gases. These theories fall essenti
into two different categories. One category includes tho
theories in which an explanation of constriction is sought
a direct consequence of nonuniform gas heating across
discharge@1–3,13#. In most theories of this type the contra
tion is attributed to the effects of the gas temperature ra
gradient on the local ionization-recombination balance of
charged particles. To describe such effects some aut
@3,13# adopted formulations based upon the classical the
3571 ©1999 The American Physical Society
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of thermal arcs. Others have rather focused on the ra
variation of the recombination rate. Assuming that the te
perature in the central region is high enough for the mole
lar ions to be efficiently dissociated, it was suggested tha
increased dissociative recombination rate towards the co
outer regions could result in a rapid loss of charged partic
and thus account quite generally for constriction@1#. One of
the drawbacks of the theories just described is their neg
of diffusion in the charged particle balance, since large g
dients in the electron density are associated with contract
In particular, the charged particle balance cannot be tra
formed to a local balance in those cases in which the ion
tion rate drops fast enough radially to become smaller t
the recombination rate. For this reason, another categor
theories, generally termed diffusion-recombination theor
have been proposed in the literature@4,6–12#. According to
such theories, constriction is caused by rapid radial va
tions in the net volumetric source term, the difference of
rates of ionization, and electron-ion recombination. On a
the net volumetric source is positive. In the outer regio
this source is negative. Continuity is maintained in the ou
region through a diffusion-recombination balance. The r
son why the net volumetric source changes sign is the ra
radial decrease of the ionization rate due to the strongly n
linear dependence of this rate on the degree of ioniza
@4,10–12# through stepwise ionization processes and the
fluence of electron-electron collisions on the shape of
electron energy distribution function. In particular, Go
ubovskii and co-workers@10–12# have found that the mos
important reason for the discontinuous contraction in in
gases~except helium! is the nonlinear dependence of th
ionization rate on the electron density through the ab
electron-electron collision effects. According to these a
thors, when such collisions are neglected in the theory~as in
@4#! contraction still occurs but without a discontinuous ch
acter. Further, nonuniform heating of the gas has not b
found in @10–12# to be a determining factor, but to caus
only additional contraction and a shift of the critical pressu
and current towards lower values.

The major weakness of all the theories mentioned ab
lies in their semiquantitative nature and limited accura
since the discharge kinetics is not treated in a consistent
in any of them. Due to the complex discharge kinetics
curring at pressures of tens or hundreds of Torr, it is cl
that the discharge properties cannot be correctly descr
using, for example, analytical expressions for the ionizat
and recombination rates, or for the number densities
atomic ions, molecular ions, and populations of the exci
states. For this reason, it is difficult to ascertain which th
ries are right or wrong, and why. There is therefore a nee
develop a more accurate theory capable of providing
deeper insight into the relevant kinetic processes of
charge constriction. A proper description can only
achieved by coupling the particle balance equations for
relevant charged and neutral species to the electron B
mann equation and the gas thermal balance equation. In
the densities of the charged particles and the excited spe
and the ionization and the recombination rates can only
correctly determined in the framework of an accurate mo
for the species kinetics and transport in which all the elect
rate coefficients and transport parameters are determ
ial
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from the solution to the electron Boltzmann equation. T
development of a model of this kind to investigate the co
striction phenomenon is the main purpose of this work. W
have chosen argon as a working example but some resul
this work can be extended to the other rare gases with pro
adaptations.

The organization of this paper is the following. In Sec.
we present the basic differential equations to be solved
order to understand the constriction problem, namely,
electron continuity equation and the gas thermal bala
equation, and we discuss the appropriate boundary co
tions for these equations. In Sec. III the kinetic model a
the set of plasmochemical reactions taken into account
briefly presented. The numerical approach used to solve
whole set of equations of our model is discussed in Sec.
An analysis of the discharge properties under both the
fuse and the constricted regimes and of the transition
tween these regimes is given in Sec. V. In particular, cal
lations of the electron energy distribution function, th
densities of all charged species, and the populations of
excited states as a function of the radius, as well as calc
tions of other important discharge characteristics for vario
pressures and discharge currents, are presented and ana
It is shown that the model predictions agree satisfacto
with experiments. A detailed analysis of the various mec
nisms causing constriction and of their effects is also carr
out. Finally, Sec. VI summarizes the principal conclusions
this investigation.

II. STATEMENT OF THE PROBLEM

The discharge column is considered to be cylindrica
symmetric and longitudinally uniform. Our main purpos
here is to determine the electron density distributionne(r ),
the gas temperature distributionTg(r ), and the maintaining
electric fieldE, which is assumed to be uniform, as a fun
tion of the discharge operating parameters, namely, the
pressurep, the discharge currentI, and the tube radiusR. The
distributionsne(r ) andTg(r ) can be obtained from a close
system of macroscopic equations consisting of the contin
equation for the electrons, the heat transport equation for
gas, and the equation of state for the gas pressure@5–12#.
These equations must of course be complemented with
propriate kinetic equations determining the local net sour
of electrons and of gas heating within the plasma volum
The above system of macroscopic equations and the bo
ary conditions they must satisfy is considered below, fo
steady-state discharge.

The electron continuity equation can be written as

2
1

r

d

dr S rD a

dne

dr D5G ion2G rec, ~1!

whereDa is the ambipolar diffusion coefficient;G ion andG rec
are, respectively, the total number of ionization and reco
bination events per unit volume and unit time. This is
second-order differential equation that can be directly in
grated if its right-hand side is known. The right-hand side
this equation, as well as the ambipolar diffusion coefficie
can be obtained from the electron Boltzmann equat
coupled to a collisional-radiative model for the argon plas
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PRE 59 3573NUMERICAL MODELING OF THE CONSTRICTION OF . . .
as discussed in Sec. III. It must be stressed at this point
both the ionization and the recombination rates depend
the four parametersN, ne , E, andTg , that is,

G ion5G ion~N,ne ,E,Tg!, ~2!

G rec5G rec~N,ne ,E,Tg!. ~3!

The right-hand side of Eq.~1! is usually positive in a diffuse
discharge (G rec!G ion), while it can change sign at some in
termediate radial position in the case of a constricted
charge. BothG rec and G ion depend strongly on the electro
density. The nonlinear dependence ofG ion on the electron
density is caused both by multistep ionization processes
electron-electron collision effects. Several authors@4,10–12#
have considered this nonlinearity as the main cause of c
traction. As is well known, the ambipolar diffusion coeffi
cient depends in a complex way on the relative densitie
the various ionic species present and their corresponding
bilities, and on the electron mobility and free diffusion coe
ficient. It must be determined from the electron Boltzma
equation and the collisional-radiative model.

The appropriate boundary conditions for Eq.~1! under the
present conditions are

dne~0!

dr
50, ne~R!50. ~4!

Gas heating in the discharge leads to a nonuniform dis
bution of the neutral atoms across the radius, with a de
tion of the atom density in the central region. Assuming t
heat conduction is the predominant cooling mechanism,
radial distribution of the gas temperature can be found
solving the following gas thermal balance equation:

2
1

r

d

dr S rk~Tg!
dTg

dr D5Q~r !, ~5!

wherek is the thermal conductivity, which is a function o
the gas temperature for most gases. For argon,k54.17
31026Tg

2/3 W/~cm deg5/3! @14#. The term Q(r ) on the
right-hand side of this equation accounts for all the gas h
ing sources occurring in the volume. It has been assume
@10,12# that all the deposited power in the discharge is d
sipated in gas heating, in which caseQ(r )5E j(r ), where
j (r ) is the current density. Since power is also dissipated
many other processes, such as ionization and excitatio
metastable and radiative states, the above assumption c
a crude overestimation. An accurate determination ofQ(r )
requires detailed kinetic calculations as performed here u
our collisional-radiative model and the electron Boltzma
equation.

The appropriate boundary conditions for Eq.~5! are

dTg~0!

dr
50, Tg~R!5Tw . ~6!

The gas temperature at the wallTw has been assumed to b
300 K in all our calculations, since this was the value of t
wall temperature in the experiments considered below
comparison.
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The atom densityN is connected with the gas temperatu
and pressure through the equation of state

N~r !5
p

kBTg~r !
, ~7!

wherekB is the Boltzmann constant.
Equations~1!, ~5!, and~7!, with the boundary conditions

~4! and ~6!, together with the plasma kinetic equations
Sec. III constitute a closed system of equations determin
the radial distribution of all discharge characteristics of
terest, such as gas temperature, atom, electron and ion
sities, excited states populations, electron and ion mobilit
electron diffusion coefficient, mean energy, and all rate c
stants for elementary processes.

III. KINETIC MODEL

As stated above, a detailed description of the discha
kinetics must be achieved in order to solve the constrict
problem accurately. The kinetic model that is needed m
provide a complete and self-contained description of the
charge properties at high pressure-radius products~typically
above 100 Torr cm! and degrees of ionization up to 1022.
Note that several other models for Ar have previously be
proposed in the literature. These include, for example,
analytical model@22#, a model for electron-beam generate
plasmas@23,24#, models applicable at low pressures@25#, or
at high pressures@26,27#, and models taking into accoun
highly excited Ar states@28,29#. However, none of these
models is applicable here for one reason or another, for
ample, either because they do not include highly excited
states, or the heavy-particle kinetics, or~excepting@26,27#!
the formation of Ar2* dimers.

For this reason, we have developed a detailed collision
radiative model for an argon plasma at high pressures
takes into account the following species: Ar~ground-state
atoms!, Ar(4s), Ar(4p), Ar(3d), Ar(5s), Ar(5p), Ar(4d),
Ar(6s), Ar2* ~excited dimers!, Ar1, Ar2

1, and Ar3
1. All

excited states belonging to the same configuration have b
lumped into a single level with an energy equal to the av
age energy of the states of that configuration. This is justifi
since both the atom and the electron densities of interest
are sufficiently high to ensure a strong collisional mixin
between the populations in the levels of each configurat
The energy level diagrams of Ar and Ar2* have been taken
from @26,30#.

It is beyond the scope of this paper to present t
collisional-radiative model in full detail since this would b
too lengthy. Details can be found elsewhere@31#. Here, we
will present only a brief summary of this model to illustrat
for the sake of consistency, how the data to be inserted
Eqs.~1! and ~5! can be obtained.

The list of processes considered in the rate balance e
tions for the above species is given in Table I in a conden
manner. These include: ionization, excitation, reexcitat
and deexcitation processes by electron impact, all the
lowed radiative transitions, chemi-ionization, three-body a
dissociative recombination, conversion of atomic ions in
molecular ions, diffusion of metastables and charged spec
and other processes. The total rate of ionization~2! is the
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TABLE I. List of elementary processes taken into account in the collisional-radiative model and the electron Boltzmann equat

Elastic scattering M1e⇒M1e M5Ar,Ar1,Ar2
1 ,Ar3

1

Excitation/deexcitation Ar(k)1e⇔Ar(m)1e k,m50,4s,4p,3d,5s,5p,4d,6s
Ionization Ar(k)1e⇒Ar112e k50,4s,4p,3d,5s,5p,4d,6s

Three-body
recombination Ark

11e1 H e
Ar⇒Ar~4p!1 H e

Ar
k51,2,3

Dissociative Ar2
11e⇒Ar(4p)1Ar

recombination Ar3
11e⇒Ar(4p)1Ar2*

Diffusion M⇒wall M5Ar(4s),e,Ar1,Ar2
1 ,Ar3

1

Spontaneous emission Ar(k)⇒Ar(m)1hv all allowed transitions
Ar2*⇒2Ar1hv

Chemi-ionization
Ar~k!1Ar~m!⇒ H Ar11Ar1e

Ar2
11e H k,m54s,4p

k5m54s

Molecular ion Ar112Ar⇒Ar2
11Ar

conversion Ar2
112Ar⇒Ar3

11Ar
Ar3

11Ar⇒Ar2
112Ar

Heavy-particle collisions Ar(4s)12Ar⇒Ar2*1Ar
Ar(4p)12Ar⇒Ar(4s)12Ar
Ar(4p)1Ar⇒Ar(4s)1Ar
nd
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sum of the contributions of ionization from the atom grou
and excited states and the dimer Ar2* @21#, by electron im-
pact, and from the various chemi-ionization processes.
ization from the dimer is important under the present con
tions since its population can be rather high. It is primar
formed by three-body collisions of Ar(4s) with two Ar at-
oms. The loss of electrons occurs through volume recom
nation with the atomic and the molecular ions, via thre
body and dissociative recombination processes, respect
@total rate of recombination~3!#, and ambipolar diffusion to
the wall. Quasineutrality is assumed, that is,ne

5@Ar1#1@Ar2
1#1@Ar3

1#.
The electron Boltzmann equation has been solved u

the two-term expansion in Legendre polynomials, taking i
account all the electron elastic and inelastic processes li
in Table I as well as electron-electron collisions. For in
gases, the two-term expansion is accurate enough to d
mine the discharge properties under the present conditi
The solutions have been found in the local approach, tha
assuming that the electron energy distribution funct
~EEDF! is determined at each point by the local plasma
rameters. Such an assumption is justified for the values o
gas density–tube radius product considered in this w
~corresponding topR values above 100 Torr cm!, since the
electron energy and momentum relaxation lengths are m
smaller than the plasma radius in this case. In this case
radial dependence of the EEDF is only due to the rad
variations of the electron and the gas densities.

In the present treatment of the Boltzmann equation,
have assumed that the primary and the secondary elec
equally share the available energy after an electron imp
ionization process. In the case of chemi-ionization proces
it was assumed that the energy of the outcoming electro
equal to the total energy available after the reaction. Fina
in what concerns recombination, effective electron ener
dependent recombination cross sections have been used
yield, upon integration over a Maxwellian distribution, va
ues of recombination coefficients in agreement, both in m
n-
i-
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nitude and electron temperature dependence, with avail
data for argon.

In order to account approximately for the effects of diff
sion losses on the EEDF, a diffusion term of the for
vdiff f 0u1/2 has been included in the Boltzmann equatio
where

ndiff ne5G ion2G rec ~8!

is an effective diffusion frequency, assumed to be veloc
independent, and the EEDF is normalized such t
*0

`u1/2f 0(u,r )du5ne(r ), with u denoting the electron en
ergy. The inclusion of such a term is necessary in order
the creation of secondary electrons exactly compensates
the electron losses, at each radial position, in the Boltzm
equation itself, consistently with the continuity equation~1!
~recall that the latter is just a moment of the Boltzmann eq
tion!.

In most of the steady-state, homogeneous Boltzm
codes accounting for diffusion losses, the effective diffus
frequency is considered fixed and the strength of the app
field is varied until the creation-loss balance is fulfilled.
our case this method does not apply since we are dea
with a strongly inhomogeneous problem in which the effe
tive diffusion frequency varies radially consistently with E
~8!. This equation must be verified at every radial positio
Further, the discharge maintenance field is to be determ
here as an eigenvalue solution of the continuity equation~1!
with the boundary conditions~4!, not from the Boltzmann
equation itself. For this reason, we used the following p
cedure~see Sec. IV for further details about the full nume
cal procedure!: for any values of the external field streng
used at intermediate calculation steps~as the iterations pro-
ceed towards convergence!, the effective diffusion frequency
at each radial position was varied until Eq.~8! was locally
satisfied. In this way, when full convergence is achieved a
the actual value of the maintenance field is found as
eigenvalue solution of Eq.~1!, one can be sure that the so
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lutions of the Boltzmann equation across the tube and of
continuity equation are fully consistent with each oth
Note, however, that at the pressures considered here th
lutions of the Boltzmann equation are mostly determined
collisional processes, and are quite insensitive to the
sumed form of the diffusion frequency.

The calculation of the gas heating source@term Q in Eq.
~5!# takes into account all collisional processes that conv
some energy into the gas translational mode. At the h
pressures of interest here the mean free path of ion–neu
species collisions~elastic and charge exchange collisions! is
very small, therefore it was assumed that the gas and the
temperatures are the same. Consistently with this assu
tion, the power transferred to the ions through elas
electron-ion collisions is to be considered as a direct sou
of gas heating. According to the model calculations, the m
jor gas heating sources in our case are the elastic collis
of electrons with atoms and ions and the conversion p
cesses of atomic into molecular ions listed in Table II.

IV. NUMERICAL APPROACH

A brief description of the numerical approach used
solve the system of equations is presented below. The e
tron continuity equation~1! has been discretized on a grid
appropriately chosen radial positionsr k , wherek is an inte-
ger running from zero to a final valueM. The number of grid
points was typically between 20 and 40, depending on
particular situation. An equidistant gridr k5kDr , whereDr
5R/M is the step size, is appropriate for diffuse discharg
and when the contraction is small. For moderately or hig
contracted discharges, we used a nonequidistant grid,
grid points of which are concentrated in the center of
discharge. After discretization Eq.~1! takes the form

ak21yk211akyk1ak11yk115bk , k50,1, . . . ,M21,
~9!

whereyk5ne(r k)/ne(0). Due to thesymmetrya215a1 and
y215y1 . The boundary condition~4! reads yM50. The
electron density at the axis is assumed as an input param
The electron density profile can be found from the relatio

yk115H bk2akyk

2ak11
, k50,

bk2ak21yk212akyk

ak11
, k51,2, . . .M21

~10!

TABLE II. List of elementary processes taken into account
the calculation of the gas heating termQ @see Eq.~5! in the main
text#.

Elastic scattering Ar1e⇒Ar1e
Elastic scattering Ar11e⇒Ar11e
Elastic scattering Ar2

11e⇒Ar2
11e

Elastic scattering Ar3
11e⇒Ar3

11e
Molecular ion conversion Ar112Ar⇒Ar2

11Ar
Molecular ion conversion Ar2

112Ar⇒Ar3
11Ar
e
.
so-
y
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rt
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c-

e
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ter.

with initial condition y051. For anyk, starting from the
center, the right-hand side of Eq.~1!, and hence of Eq.~9!,
can be calculated from the electron Boltzmann equation.
arbitrary choices of the electric fieldE the solution of Eq.~1!
may diverge or swing to unphysical negative values of
electron density. This is because not all valuesE lead to
physically acceptable solutions. In particular, the bound
condition at r 5R can be satisfied only for one particula
value ofE. Indeed, as is well known Eq.~1! with the condi-
tions ~4! constitutes an eigenvalue problem the solution
which involves the determination of one eigenvalue. T
eigenvalue is the steady-state maintaining fieldE in the
present case. This situation holds of course for both diff
and contracted discharges.

The approach used to solve Eq.~5! with the boundary
conditions~6! consists of discretizing both Eqs.~5! and ~6!.
With this approach, a tridiagonal matrix is obtained, whi
can easily be solved using standard numerical technique
obtain the radial distribution of the gas temperature. The
dial distribution of the atom density is then directly obtain
from Eq. ~7!. However, since the right-hand side of Eq.~5!
depends on the atom density, which in turn depends on
gas temperature through Eq.~7!, a few iterations are neces
sary to get convergence.

The numerical approach used to solve our system of eq
tions is schematically represented by the flowchart in Fig
The calculations start with a guess for the electron den
profile. For a fixed electron density profile, Eqs.~5! and~7!,

r

FIG. 1. Flowchart of the numerical solution.
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with the boundary conditions~6!, are iteratively solved until
both Tg(r ) andN(r ) converge. After this, Eq.~1! is solved
as an eigenvalue problem in the way explained above. S
ing with a guess for the electric field, this equation is ite
tively integrated from the center to the wall for success
values of the electric field until the electron density at t
wall matches the boundary condition. This numerical pro
dure cannot ensure an exact mathematical fulfillment of
conditionne(R)50 unless the iterations proceed over a p
hibitive period of time. For this reason, in practice it is su
ficient to require the electron density at the wall to be ab
two orders of magnitude smaller than that at the axis. T
suffices to determine the eigenvalue to within a high ac
racy ~see further below!. While solving Eq.~1!, the radial
distribution of both the gas temperature and atom den
remains unchanged. Having found the radial distribution
the electron density, Eqs.~5! and~7! are solved again for this
distribution to determine corrected radial distributions of t
gas temperature and density. Then, Eq.~1! must be solved
again. Usually, three or four iterations suffice to converge
the distributions.

The above solution procedure requires the following in
parameters: the tube radius, the gas pressure at the
temperature~300 K!, and the electron density at the ax
Since the discharge current and the electron density at
axis are uniquely related, it is better to take the latter den
as an input parameter. The current can be determined a
wards from the calculated radial distributions of the elect
density and drift velocity.

The procedure described above is a double loop. In e
external loop the eigenvalue problem must be solved.
eigenvalue determination is a loop too, in which Eq.~1! must
be solved several times until the boundary condition is f
filled. But, to find a solution to Eq.~1! requires solving the
kinetic model equations and the Boltzmann equation sev
times in order to obtain the right-hand-side termbk and the
coefficientsak of Eq. ~9!. This poses severe difficulties con
cerning the computation time, which can be, however, so
what overcome by choosing a nonequidistant grid.

The main difficulty of the whole numerical algorithm
the sensitivity of the eigenvalue determination. For low el
tron densities at the axis, only a couple of iterations suffice
obtain the value of the electric field. For elevated, on-a
electron densities, determination of the electric field is m
sensitive and requires a higher precision. Usually, a preci
of about 1023– 1024 was enough, but sometimes a precisi
of 1026 turned out to be necessary. For high axial elect
densities, even very small changes in the electric-fi
strength may cause dramatic changes in the solution and
to unphysical solutions~for example, with negative values o
the electron density in some regions across the tube!, so that
many iterations are then necessary to determine this ei
value. Moreover, in this case the electron Boltzmann eq
tion must be solved with much higher precision also, wh
becomes more and more difficult with increasing elect
densities. Nevertheless, the system was found to be ph
cally stable and, as expected, a unique physical solu
could been determined in all cases investigated.

We found that numerical difficulties may also arise ev
for moderate axial electron densities, because the right-h
side of Eq.~1! changes its sign at some intermediate rad
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position. Near the discharge axis this term is always posit
while near the wall it becomes negative when constrict
occurs~see Fig. 5!. Such a change of sign has been me
tioned by several authors and can easily be explained.
due to the strong nonlinear dependence of the ionization
on the electron density, which makes this rate decrease m
faster and become smaller than the recombination rate in
outer plasma regions of the constricted column. Anot
source of numerical difficulties is that the right-hand side
Eq. ~1! is the difference of two terms~the ionization and the
recombination rates! which can both be very large near th
axis, but nearly compensate each other, as the electron
sity increases. Their difference is a much smaller term
determination of which can cause numerical instabilit
when solving Eq.~1!.

V. RESULTS AND DISCUSSION

Let us first present typical results concerning the tran
tion from the diffuse to the contracted mode and the m
plasma parameters in both regimes. Comparisons are m
with experimental data when available.

Figure 2~a! shows the transition from the diffuse to th
constricted discharge as the current increases, forp
5100 Torr andR51 cm. For the currents considered, th
electron density at the axis varies from 109 to 1013cm23

@Fig. 7~a! shows a plot of the on-axis electron densityversus
current under the present conditions#. When increasing the
discharge current up to about 1 mA the radial distribution
the electron density is little changed and remains close to

FIG. 2. Radial distribution of the normalized electron density~a!
and of the gas temperature~b! for a pressure of 100 Torr, a tub
radius of 1 cm, and different discharge currents.
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typical profile of the fundamental diffusion mode in cylindr
cal geometry. The actual distributions are just a little n
rower than the classical Bessel profile, as one can asses
using the parameter j5ne/ne(0), where ne

5*0
R2prne(r )dr/(pR2) is the mean electron density acro

the radius, as a measure of the constriction. In fact, we h
j50.38 andj50.34 for I 583mA and I 50.67 mA, respec-
tively (j50.43 for the Bessel profile!. The constriction on-
sets near 4 mA, with a pronounced contraction of the ra
profile occurring over the limited current range of 4–10 m
For I .10 mA, the constriction still continues, but at
slower rate. The critical current value for the transition
therefore, about 4 mA in the present case.

Figure 2~b! shows the radial distribution of the gas tem
perature for the same discharge parameters as Fig. 2~a!. As
expected, the gas temperature at the axis and over the w
cross section increases with the discharge current, and
heating can become quite considerable. Significant de
tions from the room temperature start to appear for curren
little lower than 1 mA, before the constriction begins. Th
seems to indicate that gas heating plays some role in
constriction process, but the actual importance of this ef
will have to be further investigated below.

Figures 3–6 show the radial distributions of seve
plasma parameters of interest in a constricted discharge
p5100 Torr,R51 cm, andI 510.9 mA. The calculated dis
charge maintenance field under such conditions is 42.2 V
and the input power per unit length is 0.460 W/cm. T
EEDF at several radial positions is presented in Fig. 3
illustrate the spatial behavior of this distribution. For sim
plicity, this figure shows values of the EEDF greater th
103 eV23/2cm23 only. With this representation, the figur
shows about seven decades of variation of the EEDF at
axis, and approximately five decades near the wall. The
gree of ionization varies from approximately 1026, at the
discharge axis, to approximately 1028, near the wall. We
note that the EEDF’s near the wall and at the axis dif
significantly in shape. This is due to the different gas a
electron densities at both locations. Due to the small deg
of ionization, electron-electron collisions have some eff
on the EEDF shape only in the central region and the dis
bution is far from a Maxwellian everywhere. The radi

FIG. 3. Electron energy distribution function at various norm
ized radial positionsr /R, for a pressure of 100 Torr, a tube radiu
of 1 cm and a discharge current of 10.9 mA.
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change in the EEDF shape mostly reflects theE/N scaling of
the distribution in this case.

Maxwellization effects due to electron-electron collisio
are illustrated in Fig. 4 showing the EEDF at different rad
positions, for I 510.9 and 33.1 mA. The EEDF become
closer to a Maxwellian with increasing discharge current,
the extension of this effect depends on the radial posit
since the degree of ionization decreases toward the wall.
I 533.1 mA, the body of the EEDF is nearly Maxwellian
the center, while it is more Druyvesteyn-like shaped in t
outer regions.

Figure 5 shows the radial distributions of the electron,
ion, and the excited-state concentrations. From the axis
wards, the electron density falls by a factor of approximat
10 over a distancer /R'0.3, which indicates considerabl
constriction. While for the usual Bessel density profilej
'0.43, in the present situationj50.0415. The density of
Ar1 ions also changes drastically across the radius. This d
sity peaks at the axis with a value of approximately o
eighth of the electron density, but decreases much faster
the electron density with increasing radius. Everywhe
across the tube, Ar2

1 is the dominant ion, its density repre
senting approximately 98% of the total density of all the i
species, except in a very narrow central channel. The den
of Ar2

1 is approximately two orders of magnitude small
then that of Ar2

1 , so this ion has no influence on the di
charge kinetics. On the basis of the above results, a sim
fied set of ion kinetics can be suggested. To a first appro
mation, it would be sufficient to consider only Ar2

1 ions and
assume that all atomic ions formed by electron collisions a
chemi-ionization reactions are immediately converted i

-

FIG. 4. Electron energy distribution function at several norm
ized radial positionsr /R, for a pressure of 100 Torr, a tube radiu
of 1 cm, and discharge currents of 10.9 mA~a! and 33.1 mA~b!.
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Ar2
1 through three-body reactions~see Table I!. Such an

approximation would not much affect the recombination
netics since dissociative recombination of electrons w
Ar2

1 ions overwhelms the other recombination proces
under the present conditions.

As seen from Fig. 5~b!, the population of the Ar(4s) con-
figuration largely exceeds that of any other configurati
This is principally due to the quasimetastable nature of
configuration~remind that two levels of this configuratio
are true metastables, while the other two are radiative st
that behave like pseudometastables at these high pres
due to imprisonment of the resonance radiation!. The mean
populations of all higher configurations follow a pseudoeq
librium law with an excitation temperature considerab
lower than that of the electrons. This is indicative of impo
tant radiative losses. The large difference between the po
lations of the first and the higher configurations occurs o
for the moderate electron densities of this exam
(1010– 1012cm23). In fact, for electron densities of abou
1014cm23, the populations of the Ar(4p) and the higher
configurations become closer to that of Ar(4s), and the ex-
citation temperature closer to the electron temperature. N
also that the population of the molecular dimer Ar2* is very
high so that, according to our results, this dimer cannot
disregarded in the model.

Figure 6 shows the radial distributions of the ionizati
and the recombination rates, and of their difference, tha
the net diffusion rate. To understand the behavior of th
distributions, recall that the radial distribution of the ato
density is nonuniform, due to gas heating. In the pres
case, the calculated gas temperature at the axis is 676 K~see
Fig. 2!, hence the gas density is about two times lower, a
the reduced fieldE/N about two times higher, at the ax
than at the wall. The electron density is also much highe

FIG. 5. Radial distribution of the electron and ion densities~a!
and of the populations of the excited states~b! for the discharge
conditions of Fig. 3. The density of Ar1 is multiplied by factor of 5
and that of Ar3

1 by factor of 20.
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the axis than at the wall. Due to both of these reasons,
ionization rate, which is a strongly nonlinear function of th
electron density andE/N, sharply peaks at the axis. On go
ing from the axis to the wall, the decrease in electron den
is about two orders of magnitude, while the ionization ra
falls off by more than four orders of magnitude. On the oth
hand, the outward decrease in the recombination rate is m
slower. In the center of the discharge the ionization rate
somewhat higher than the recombination rate, so that
difference between these two rates is balanced by a pos
diffusion rate ~corresponding to a net loss of electrons
diffusion, per unit volume!. However, the ionization and th
recombination rates exactly balance each other at a poin
far from the axis due to the much sharper outward decre
of the former rate. Beyond this point, recombination ov
comes the creation of new electrons, and a negative diffus
rate has to compensate for the difference~a negative diffu-
sion rate means that the number of electrons diffusing int
given volume element is larger than that of those diffus
out of this element, per unit time; in this case, diffusion lea
to a net gain of electrons, contrary to the usual situat
where it leads to a net loss!. As seen from Fig. 6, forr /R
.0.3 the recombination is balanced mainly by diffusion. T
fact that recombination must be balanced by diffusion o
side the constricted channel has been pointed out by sev
authors@4,6,7,10#.

Detailed calculations similar to those presented above
100 Torr argon pressure andR51 cm have also been carrie
out for 200 and 500 Torr, and the same tube radius. Qu
tatively, the basic trends of the calculated data are simila
all these pressures, but the values of the plasma param
as a function of the current change of course with press
To illustrate this, Figs. 7 and 8 show calculated values of
electron density, electron temperature, and gas tempera
at the tube axis, and of the maintenance electric fieldversus
the discharge current, for 100 and 200 Torr argon press
respectively. Also shown in these figures for comparison
data inferred from experiments@14# for the same pressures
tube radius, and wall temperature~300 K! as the calculations
The diagnostics used in these experiments consisted of m

FIG. 6. Radial distributions of the ionization, recombination a
diffusion rates. The symbols~1! and ~2! denote the positive and
the negative branches of the diffusion rate, respectively. The
charge conditions are the same as in Fig. 5.
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surements of the electric field and of the radial profile of
brightness of the bremsstrahlung continuum. From th
measurements, the absolute values and radial profiles o
electron density and the atomic temperature have been d
mined in@14# using the current balance and the heat bala
equations~assuming in the latter equation that all the d
charge electrical power is transferred into gas heating!, while
the electron temperature was calculated from the meas
electric field and the electron energy balance. Unfortunat
the errors associated with such determinations have not
estimated in@14#.

Taking into account the various sources of error in
calculations~especially, the lack of accurate data for a nu
ber of kinetic processes! and in the data from experimen
~indirect determinations based on model assumptions!, one
can conclude that the predictions of our model agree v
satisfactorily, both in magnitude and in the basic trends
the various quantities, with the data given in@14#. There
seems to exist, however, some discrepancy between th
and experiment as to the nature of the transition from
diffuse to the constricted mode~smooth or abrupt! and the
corresponding critical current. This point deserves theref
further investigation.

The calculations shown in Figs. 7 and 8 reveal that
axial values of the electron density, electron temperat

FIG. 7. Variation of the electron density~a! and the electron and
the gas temperatures~b! at the discharge axis, and of the maintai
ing electric field~c! with the discharge current. The gas pressure
100 Torr and the tube radius is 1 cm. Data points are from exp
ments in Ref.@14#.
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and gas temperature, and the value of the electric field
hibit a jump for some critical value of the discharge curre
In particular, the central value of the electron density su
denly increases, while the electron temperature and the m
tenance field suddenly drop at some critical current val
Such jumps are also experimentally observed, even tho
the theoretical and experimental critical currents differ a lit
as it can be seen from these figures.

Although the existence of a critical current is well repr
duced by the theory, the calculated plasma parameters
100 Torr shown in Fig. 7, are single-valued functions of t
current~in contrast with the results of the analytical model
Ref. @10#!, thus the experimentally observed hysteresis
fects@14# associated with constriction cannot be fully unde
stood in terms of such plots. This is because the discha
current is not a proper physical parameter determining
plasma properties. The proper parameter is the power de
ited in the plasma or, in the case of an axially unifor
plasma column, the power deposited per unit column len
~the specific power!. Figure 9 shows that both the calculate
and the experimental central electron density and temp
ture, and discharge maintenance field at 100 Torr argon p
sure ~same experimental data as in Fig. 7, but plotted n
versusthe specific powerEI! are multivalued functions of
the discharge specific power within some range of values
the latter. The calculated and the experimental data have
same qualitative trends: the density is anS-shaped function
of the specific power, while the temperature and the elec

s
i-

FIG. 8. As in caption to Fig. 7, but for a gas pressure of 2
Torr.
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field areZ-shaped functions of the same parameter. Note
the discrepancies between theory and experiment in Fi
just mirror in this plot those existing in Fig. 7. SimilarS and
Z shapes have also been found for the other pressures in
tigated, namely, 200 and 500 Torr. Such multivalued so
tions explain the observed abrupt changes in the plasma
rameters and the hysteresis as previously discussed
Golubovskii and co-workers@10–12#.

The model investigated in this paper accounts for all p
cesses that have been referred to in the literature as pos
causes of constriction, namely, nonuniform gas heat
diffusion-recombination balance in the outer plasma colu
regions, and the strong radial decay of the ionization r
which is connected with the importance of stepwise ioni
tion processes and electron-electron collisions. It is, the
fore, necessary to investigate further the importance of s
processes by detailed simulations in order to get kinetic
sight into the relevant processes.

Figure 10 compares the electron density profile obtai
from the complete model with that obtained ignoring g
heating, that is, assuming a constant temperature of 30
across the tube, forp5100 Torr, R51 cm, and I
514.7 mA. It is seen that the discharge contracts even f

FIG. 9. Electron density and temperature at the discharge a
and discharge maintenance field as a function of the electric po
deposited per unit column length, for 100 Torr argon pressure a
tube radius of 1 cm. Solid curve, calculations using the comp
model; data points, experiment; chain curve, calculations neglec
electron-electron collisions.
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constant gas temperature, but that nonuniform gas hea
contributes to additional contraction for given operating co
ditions. The simulations further show that, for constant g
temperature, sudden jumps in the discharge parameters
hysteresis also occur, but at a considerably higher crit
current. Therefore, nonuniform heating of the gas is no
determining factor for the constriction phenomenon. T
conclusion invalidates all earlier explanations of constrict
as a direct consequence of nonuniform gas heating@1–3,13#
~see Sec. I!.

To illustrate further the gas heating effects, and also
role of electron-ion dissociative recombination, Fig.
shows results of simulations assuming a recombination
about two orders of magnitude smaller and a thermal c
ductivity much higher than the corresponding values for
gon ~in fact, the values adopted for both parameters co
spond to those of helium!. Also shown for comparison are
results for the same low recombination rate and constant
temperature. In this latter case, due to the assumed, s
value of the recombination rate, the ionization rate exce
the recombination rate across the entire column cross sec
and is balanced primarily by diffusion losses. Therefore,
discharge is diffuse and no contraction is observed. Ho
ever, as can be seen from this figure considerable contrac
arises by considering gas heating, even though the high t
mal conductivity assumed prevents strong gas heating in
case. Although small, the radial decrease of the gas temp
ture ~consequently, the radial increase of the gas dens!
suffices to cause a decrease of the ionization rate with ra
that is fast enough for this rate to become smaller than
recombination rate in the outer plasma regions. This trigg
sudden contraction of the discharge. Such a rapid variatio
due to the complex nonlinear dependence of the ioniza
rate on the degree of ionization~through cumulative ioniza-
tion processes and the influence of electron-electron c
sions on the shape of the EEDF! and the reduced mainte
nance fieldE/N.

The results in Figs. 10 and 11 reveal that the occurre
of sudden contraction must be connected with the stron

is,
er
a

te
g

FIG. 10. Radial profile of the electron density in argon taki
into account~solid curve! and neglecting~chain curve! gas heating,
for 100 Torr pressure, a tube radius of 1 cm, and a discharge cu
of 14.7 mA. The central electron density is 231012 cm23 in the
former case and 5.231011 cm23 in the latter one.
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nonlinear variations of the ionization rate referred to abo
As a final step, we need to elucidate which nonlinear mec
nisms play a key role. To this end, a simulation was p
formed using our full model for 100 Torr argon pressure b
ignoring electron-electron collisions in the Boltzmann equ
tion ~thus, still taking into account gas heating and cumu
tive ionization processes!. In this case, a continuous contrac
tion of the density profile takes place with increasing curre
but no abrupt changes in the plasma parameters and hy
esis do occur as shown in Fig. 9. This confirms the conc
sions drawn by Golubovskii and co-workers@10–12# from
simplified analytical models about the key role played
electron-electron collisions in constriction phenomena in
gon.

VI. CONCLUSIONS

A numerical model based on solutions of the electr
continuity equation and the gas thermal balance equat
coupled to the electron Boltzmann equation and to
collisional-radiative model for the dominant neutral and io
species, has been developed to investigate the propertie
dc discharges in argon at high pressures and the mechan
of constriction. To our knowledge, this is the first time th

FIG. 11. Calculated radial distributions of the electron dens
~a! and the gas temperature~b! when the values of the dissociativ
recombination rate and the gas thermal conductivity of argon
replaced with those of helium, for a pressure of 100 Torr, a tu
radius of 1 cm and a central electron density of 1011 cm23 ~solid
lines!. Also shown for comparison are similar calculations, but a
suming a constant gas temperature of 300 K across the tube~chain
lines!. The discharge current is 3.8 mA in the former case and
mA in the latter one.
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the constriction phenomenon in argon is quantitatively a
lyzed on the basis of a complete, self-consistent discha
model. The model quantitatively reproduces the obser
evolution of the discharge parameters as the current incre
at fixed pressure, the occurrence of abrupt changes in
values of such parameters at some critical current, and
teresis. These abrupt changes and the hysteresis, whic
associated with constriction, have been shown to be du
the fact that the plasma parameters become multival
functions of the specific electrical power deposited into
discharge within a limited range of values of the latter, abo
some critical value. The existence of multivalued solutio
of the internal plasma parametersversusthe power load~ex-
ternal parameter! indicates that the mechanisms of constr
tion in dc and microwave discharges can presumably be
derstood within the same theoretical framework.

Kinetic insights on the relevant processes of constrict
are provided by the present model for argon, which are
strumental to understand also constriction phenomena
other situations. It was shown that gas heating, cumula
ionization, and the influence of electron-electron collisions
forming the distribution function contribute altogether
contraction and must be taken into account to explain qu
titatively the observations. However, it was demonstra
that nonuniform gas heating and cumulative ionization c
not explain the occurrence of sudden contraction and hys
esis. Only the complex dependence of the ionization rate
the degree of ionization through the effects of electro
electron collisions on the electron energy distribution fun
tion can explain such phenomena. In fact, we have sho
that in the absence of such collisions the discharge contr
as the power load increases, but no sudden changes in
discharge parameters or hysteresis occur. On the other h
taking into account the effects of electron-electron collisio
but assuming a constant gas temperature in the model,
den contraction and hysteresis still occur but for critical c
rents far above the experimental values. Though as no
above inhomogeneous gas heating is not responsible for
den contraction and hysteresis, the radial decay of the
temperature enhances the contraction and contributes to
crease the critical current towards the observed values.

In conclusion, our model invalidates previous works
which constriction is attributed to nonuniform gas heati
@1–3,13#, but confirms on solid grounds the explanatio
proposed in Refs.@10–12# on the basis of simplified models
This model provides, therefore, clear-cut conclusions rega
ing existing controversies in the literature about the mec
nisms of constriction.

Future work should lead to the development of approp
ate collisional-radiative models for other gases and inve
gate constriction in other types of discharges, following t
basic guidelines of this paper.
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